In a numerical study, we observe Anderson localization of surface modes at the interface between a linear and a nonlinear dielectric medium, containing an optically induced disordered photonic lattice. We discover the threshold for the existence of such localized modes. The influence of Kerr nonlinearity and disorder levels on the transverse localization of light at such an interface is discussed. We demonstrate the suppression of localization for lower disorder levels, as compared to both completely linear and completely nonlinear medium. We also reveal Anderson localization at the linear-nonlinear interface in the presence of a phase-slip defect, and demonstrate the suppression of localization in that case as well.
In a numerical study, we observe Anderson localization of surface modes at the interface between a linear and a nonlinear dielectric medium, containing an optically induced disordered photonic lattice. We discover the threshold for the existence of such localized modes. The influence of Kerr nonlinearity and disorder levels on the transverse localization of light at such an interface is discussed. We demonstrate the suppression of localization for lower disorder levels, as compared to both completely linear and completely nonlinear medium. We also reveal Anderson localization at the linear-nonlinear interface in the presence of a phase-slip defect, and demonstrate the suppression of localization in that case as well. Introduction. Surface modes-special types of electromagnetic waves localized near an interface separating two different media-have recently attracted great attention, owing to their novel physics and possible interesting applications in all-optical switching and sensing [1, 2] . In optics, surface waves are known to exist at an interface between continuous and periodic media [3] , between different waveguide arrays [4] , and also at the interface between a homogeneous lattice and a superlattice [5] . The insertion of defects may provide an additional physical mechanism for light confinement and a possibility to control light propagation in photonic lattices. There exist different types of lattice defects, but recently the existence of self-localized structures was demonstrated at the interface between two arrays connected by a defect channel, the so-called phase-slip defect [6, 7] .
Disordered systems have played a central role in condensedmatter physics and Anderson localization is among the most fascinating and universal phenomena in the physics of such systems [8] [9] [10] . Despite its 50-year history [11] , Anderson localization still excites much interest in a variety of systems, including light waves in different materials. Competition between nonlinearity and disorder was investigated experimentally in fiber arrays [12] and in disordered two-dimensional photonic lattices [13] . Lahini et al. [14] experimentally demonstrated the effect of the medium's nonlinearity on light localization and concluded that the nonlinearity in a disordered medium favors the occurrence of localization on a shorter distance scale.
In this Rapid Communication, we extend these concepts to the transverse light localization at an interface between a linear and a nonlinear dielectric medium, with an optically induced disordered photonic lattice. The properties of light propagating along the interface between linear and nonlinear media have been explored in a few earlier studies [15] [16] [17] . Here, we extend the investigation of light localization at similar interfaces, but with the inclusion of an optically induced photonic lattice and a slip-phase defect. The system of interest is depicted in Fig. 1 . For investigation, we pick the square lattice.
First, we introduce the model and study numerically the effect of the interface on Anderson localization of light.
Second, we address one of the most important issues, namely, the interplay of medium's nonlinearity and the degree of disorder in such a system. We reveal that the localization at the linear-nonlinear interface occurs when the strength of disorder in the lattice and the strength of nonlinearity exceed critical values. The crossover from nonlocalized to localized modes is observed in the plane of two parameters: the lattice disorder level and the nonlinearity strength in the nonlinear part of the medium. Finally, we discuss briefly the effect of phase-slip defects on the disorder-induced localization in the system with the linear-nonlinear interface [ Fig. 1(b) ]. The phase-slip defect represents an interruption in the lattice periodicity, in which the lattices in the linear and the nonlinear part of the medium are separated by some distance larger than the lattice constant. We assume that the distance between lattice sites across the phase slip is a noninteger number in units of the lattice constant.
This Rapid Communication is organized as follows. We introduce the model which describes the propagation of light at the interface between linear and nonlinear dielectric media with an optically induced disordered photonic lattice. We summarize our numerical results at such an interface and present a comparison with the localization in both completely linear and completely nonlinear media. Then we study localization at the same interface, but with a phase-slip defect. Finally, we conclude the Rapid Communication.
Theoretical model and system geometry. We consider the propagation of light at an interface between linear and nonlinear dielectric media with an optically induced disordered photonic lattice. The propagation of a light beam along the z axis is described using the paraxial wave equation for the slowly varying electric field amplitude F : lattice potential, which only depends on the transverse coordinates. We choose this potential in the form of a sum of Gaussian beams, uniform along the z direction, with the peak intensity V 0 . A scaling of coordinates is introduced,
to obtain a dimensionless equation, where x 0 is the typical full width at half maximum (FWHM) beam waist and L D is the corresponding diffraction length. For the nonlinearity, we adopt the simple Kerr nonlinearity, although other models may be utilized as well [18] . Thus, the propagation equation in the nonlinear part is of the nonlinear Schrödinger equation type. The propagation equation is solved numerically by employing a beam propagation method developed earlier [18] .
We launch a narrow Gaussian beam along the propagation direction (z), positioned at the interface (marked by crosses in Fig. 1 ). The width of the input beam is comparable to the lattice constant. While propagating in the medium, the beam is subject to different competing influences: It broadens in the linear and defocusing nonlinear media and it focuses in the nonlinear focusing medium. It also filaments in the optically induced lattice and displays a tendency to stick to the surface, as a surface wave. We want to know what happens to the beam when, additionally, it is subject to Anderson localization.
For Anderson localization to occur, disorder must be introduced in the lattice. We realize disorder using a randomized lattice intensity V r (x,y), imposed on the periodic potential V . Since the lattice is uniform in the z direction, randomness is confined to the transverse plane. This places a stringent requirement on the transverse localization: The potential must not vary along the propagation direction, otherwise Anderson localization would not occur. Each Gaussian beam in the lattice is multiplied by a random lattice peak intensity V 0r . This random peak intensity takes values from the interval (1 − NR)V 0 < V 0r < (1 + NR)V 0 , where R is the random number generator, and N determines the degree of disorder. They both may take values from the interval [0,1]. We quantify the disorder level by the ratio between the intensity of the random lattice and the intensity of the periodic lattice.
The study of Anderson localization requires many realizations of a randomized system. In our system they are realized by starting each simulation with a different seed of the random number generator. All quantities of interest characterizing Anderson localization [19, 20] , such as the inverse participation ratio and the effective beam width, are evaluated as ensemble averages over 100 disorder realizations.
Transverse Anderson localization at the linear-nonlinear interface. To start with, we vary the medium's nonlinearity in the nonlinear part of the medium and increase the level of disorder, keeping all other parameters fixed. With an increasing level of disorder, the output intensity beam profile narrows down and the exponentially decaying tails become an indication of localization. The output intensity profiles are averaged over multiple different realizations for each disorder level, and are fitted with linear functions on the logarithmic scale. The crossover to localization becomes evident by the transition from a broad Gaussian quadratically shaped profile to a linearly decaying exponential intensity profile. This transition is most easily discerned in the direction perpendicular to the interface, which is x in our geometry. In that case the profile is approximated by a function of the form I ∼ exp(−2|x|/ξ ), where ξ is then the localization length in the x direction. There naturally exists the localization length in the y direction, along the interface, but for a uniform transverse lattice (no phase-slip defect) the two values are not much different. Introducing the phase-slip defect makes the difference between the two larger. In our numerics, when fitting to the exponential profile, we choose the error in the estimate to be up to 10%. This leads to a transition region, rather than a sharp threshold.
We consider both the focusing and defocusing medium's nonlinearity (γ positive and γ negative). The corresponding localization regions are summarized in Fig. 2 , which are based on the results of many numerical simulations in the plane of two parameters: the medium's nonlinearity and the disorder level. We observe the threshold curves for the existence of surface localized modes at the linear-nonlinear interface in this parameter space. For low values of the nonlinearity strength γ and lower disorder levels, only nonlocalized modes exist. When either medium's nonlinearity or the disorder level are increased, one observes the transition to localized modes. As mentioned, the transition is not sharp. This is most evident in the region of low nonlinearities (|γ | < 1), where it is difficult to determine the existence of surface states, because of the closeness to the linear regime. Therefore, the region of −1 < γ < 1 is not presented in the figure.
For both the linear-focusing and linear-defocusing interfaces, typical examples of localized modes are presented as averaged intensity profiles on the logarithmic scale (insets in Fig. 2) . We find that different strengths of the medium nonlinearity can lead to different relative positions of the surface modes. It is seen that the localized modes at the linearfocusing interface are pushed into the focusing nonlinear part, whereas in the case of the linear-defocusing interface, they are pulled into the linear part of the medium.
Comparison with the completely linear or completely nonlinear medium. To estimate how the linear-nonlinear interface affects the localization process, we compare the corresponding surface modes with the modes in the completely linear or the completely nonlinear medium. We consider concurrently linear-focusing and linear-defocusing interfaces, and also pure linear and nonlinear (either focusing or defocusing) bulk media. Naturally, pure media display bulk transverse localized modes, whereas interfaces display surface localized modes. Our results are summarized in Fig. 3 .
A relevant quantity for the characterization of the localization level is the effective beam width ω eff = P −1/2 , where
is the inverse participation ratio [19] . We measure the effective beam width at the lattice output. In the completely linear or completely nonlinear media, the effective beam width gets smaller as the level of disorder increases. But for both interfaces, increasing the level of disorder initially leads to the enhanced expansion of the beam, and then to the localization at higher levels of disorder. For high disorder, it is seen that the effective beam width for the linear-defocusing interface becomes equal to the width of the completely linear case, whereas for the linear-focusing interface it becomes equal to the width of the completely focusing case (cf. Fig. 3) .
We use the strength of the nonlinearity γ = 5 as representative for the focusing, and γ = −5 as representative for the defocusing case. To compare the localization in different regimes, averaged effective widths are normalized to the corresponding values without disorder. We use such a normalized quantity to indicate the strength of localization. It is a geometric criterion, in that when the effective beam width is more reduced, the localization is more pronounced. At lower disorder levels, the localization is more pronounced in both completely linear and completely nonlinear cases than at the interfaces. As the strength of disorder is further increased, the localization effects become relatively less pronounced in the completely linear and completely nonlinear cases.
Localization at the interface with a phase-slip defect. Finally, we analyze in some detail the localization effects in the system with a phase-slip defect (Fig. 4) . We demonstrate the suppression of Anderson localization at the linear-nonlinear interface with the phase-slip defect, so that a stronger disorder is needed to obtain the same localization as in the case with no defect. This surprising result is nonetheless consistent with the observations reported earlier for Anderson localization of light near lattice boundaries [21] . As the width of the defect gets larger, our results go over to the results obtained in Ref. [21] for a straight lattice edge with Kerr nonlinearity.
We find that the level of suppression depends on the strength of disorder; the suppression is more pronounced at weak disorder levels. For strong disorder levels, the localization is slightly enhanced and becomes almost as effective as the localization with no defect. Typical localized modes are presented as insets in Fig. 4 . There are two different localization lengths along the two transverse directions for the localized mode in the presence of such a defect [20] . It is also observed that the localization is less pronounced for larger defect widths (defined as the distance between the two lattice sites across the defect).
Conclusions. In conclusion, we have observed numerically the surface localized modes at the linear-nonlinear interface with an optically induced square photonic lattice. The crossover from the nonlocalized to the localized modes at such an interface is presented in the plane of two parameters: the disorder level and the nonlinearity strength in the nonlinear part of the medium. We have demonstrated the suppression of localization at the interface for lower disorder levels, as compared to both the completely linear and the completely nonlinear medium. We have analyzed numerically how the presence of the phase-slip defect in the two-dimensional photonic lattice modifies the phenomenon of Anderson localization of light. 
